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Abstract. The temperature-induced emergence of Wigner correlations over finite-
size effects in a strongly interacting one-dimensional quantum dot are studied in
the framework of the spin coherent Luttinger liquid. We demonstrate that, for
temperatures comparable with the zero mode spin excitations, Friedel oscillations are
suppressed by the thermal fluctuations of higher spin modes. On the other hand, the
Wigner oscillations, sensitive to the charge mode only, are stable and become more
visible. This behavior is proved to be robust both in the thermal electron density and
in the linear conductance in the presence of an STM tip. This latter probe is not
directly proportional to the electron density and may confirm the above phenomena
with complementary and additional information.
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1. Introduction
Wigner crystallization [1] is among the most striking quantum many body effects. A
Wigner crystal can emerge in two and three dimensions when the interaction energy
among electrons dominates over the kinetic one [2]. In one dimension (1D), due to
quantum fluctuations, a true crystal cannot be established, but when the correlation
length exceeds the size of the sample, electrons can form a so called Wigner molecule,
the finite counterpart of the Wigner crystal. The formation of Wigner molecules is not
limited to the 1D case, but has been intensively studied in two dimensions as well [3, 4].
An ideal playground for studying correlated electrons, including Wigner molecules,
are quantum dots [5]. Electronic correlations have been extensively studied in two
dimensional quantum dots, mainly using numerical techniques, [3, 4, 6, 7, 8, 9, 10, 11,
12, 13, 14] and the emergence of the Wigner molecule has been demonstrated. Due to
the high level of symmetry of the typical circular two dimensional quantum dots, the
density profile of the Wigner molecule is rotationally invariant. A major implication
of this issue is that the electron density is not effective in the characterization of the
Wigner molecule [3, 4, 13] and attempts at imaging the correlated electron wavefunction
employing a scanning tunnel microscope (STM) have been put forward [15].
In finite size 1D systems the scenario is different [16, 17, 18, 19, 20, 21]. Here, due
to the broken translational invariance, the formation of the Wigner molecule can
be investigated via the electron density. Indeed it has been shown that increasing
interaction or decreasing the density, a crossover in the density between the Friedel and
Wigner oscillations occurs. This result is supported both by analytical [16, 17, 20, 22,
23, 24] and numerical calculations [18, 19, 20, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34, 35, 36].
Recently, in order to study the density oscillations arising due to the formation of a
Wigner molecule, the properties of 1D quantum dots coupled to AFM tips have been
explored, [32, 22, 37, 38, 39] a set up proposed [40, 41] also for the detection of spin charge
separation, [16, 42] another hallmark of one-dimensional electron systems. Coupling
quantum dots to STM tips has also been proposed. It was indeed suggested in order
to detect vibrations [43] and Friedel oscillations [44, 45, 46, 47] and more recently for
the detection of the Wigner molecules [48]. As long as this last issue is concerned, the
investigation relied on exact diagonalization performed numerically, and hence restricted
to the case of few electrons only.
In order to extend the numerical results to many particles, analytical models must be
employed. The Luttinger liquid theory [16, 49, 50, 51] has been successfully adopted in
the description of 1D quantum dots, [52, 53, 54, 55, 56, 57] even in the Wigner crystal
regime [17, 24, 23, 20]. It represents the low energy sector of 1D microscopic models,
ranging from the Hubbard one [20, 58] to ones directly related to the Wigner molecule,
in which electrons oscillate around their equilibrium positions [59, 60].
In this work we study the effects of temperature on the Wigner and Friedel correlations
in a 1D quantum dot. The temperature range of our investigation is such that
kBT  Dσ  Dρ, where Dρ/σ are the charge and spin bandwidth, and hence the
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dot is modeled within the coherent Luttinger liquid picture [16, 59]. We demonstrate
that Wigner correlations emerge over the Friedel ones when temperature is raised up to
the temperature of the spin addition energy Eσ [61]. The reason for this emergence
is the suppression of the Friedel oscillations: when spin excitations are thermally
activated Friedel oscillations with different wavelength superimpose and result in an
overall suppression of their amplitude. On the other hand, Wigner oscillations are robust
against the increase of temperature, since they are not sensitive to the spin excitations
but to the charge ones which lie, in presence of strong interaction, at a much higher
excitation energy. We prove this behavior by studying the thermal electron density and
the linear conductance in the presence of an STM tip. This latter probe is chosen since
it is not directly proportional to the electron density and supports the universality of
the above phenomena, providing independent information.
The scheme of the paper is the following. In Sec. 2 we introduce the model of
the quantum dot within the Luttinger framework and we evaluate the temperature
dependence of the equilibrium electron density. In Sec. 3 we evaluate the linear
conductance in the presence of an external STM tip. The last part of the section contains
the main results, that are focused on the stability of Friedel and Wigner oscillations as
a function of temperature. Finally, in Appendix Appendix A, we outline the calculation
of the tunneling rates.
2. Model
2.1. Isolated quantum dot
We consider a 1D quantum dot of length L, treated within the coherent Luttinger liquid
description [16, 50] with linearized bands around the Fermi points. The dot Hamiltonian
Hd reads as (h¯ = 1)
Hd = Hρ +Hσ +Hb, (1)
with
Hρ =
Eρ
2
(Nρ −N (0)ρ −Ng)2, (2)
Hσ =
Eσ
2
N2σ , (3)
Hb =
∑
nq>0
[
ερnqd
†
ρ,nqdρ,nq + εσnqd
†
σ,nqdσ,nq
]
. (4)
Here, Eρ and Eσ represent the charge and spin addition energies of the zero modes with
Nρ/σ = Ns=+ ±Ns=− , (5)
and Ns the total electron number with spin s. N
(0)
ρ represents the reference number
of electrons, chosen to be even with an equal number of electrons per spin direction
N
(0)
+ = N
(0)
− .
The addition energies Eν = pivν/2Lg
2
ν (ν ∈ {ρ, σ}) are proportional to the propagation
velocities vν of the modes and scale with the interaction parameters gν . For repulsive
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interactions one has gρ = g < 1, while g = 1 corresponds to the noninteracting limit.
On the other hand, gσ = 1 for an SU(2) invariant theory [50]. Furthermore, Ng is the
number of charges induced by the gate capacitively coupled to the dot. The term Hb
describes collective, quantized charge and spin density waves with boson operators dν,nq ,
with nq a non-negative integer, and εν = pivν/L. As long as the velocities are concerned,
one has for strongly interacting electrons vσ  vρ and hence 2Eσ = εσ  ερ,Eρ, while
in the noninteracting regime vρ = vσ = vF , with vF the Fermi velocity. The wide
separation or vσ and vρ occurring in the regime of strong interactions is the ultimate
responsible for the effects we are going to discuss.
We remind that the coherent Luttinger liquid approach describes the low energy sec-
tor of interacting electrons as long as the external parameters, such as voltages and/or
temperatures, are low: |eV |, kBT  Dσ, Dρ, with Dρ/σ = NρEρ/σ the band width of
the spin and charge sectors respectively. The regime of higher temperatures or voltages
can be described within the so called incoherent Luttinger liquid model [59, 60] which
however will not be not treated in this work.
The field operator ψs(x) with spin s, satisfying open boundaries conditions ψs(0) =
ψs(L) = 0 is given by [62]
ψs(x) = e
ikF xψs,+(x) + e
−ikF xψs,−(x) , (6)
with Fermi wave vector kF = N
(0)
s pi/L and 2L-periodic fermion fields ψs,r(x) with
r = ± representing right and left movers. Due to the open boundary conditions one has
ψs,r(x) = −ψs,−r(−x), with the bosonic representation [62]
ψs,+(x) =
ηs√
2piα
e−iθs ei
pi∆Nsx
L e
i
Φρ(x)+sΦσ(x)√
2 . (7)
Here, ∆Ns = Ns − N (0)s , and α is the cutoff length assumed to be the inverse of the
Fermi momentum (α = k−1F ). The operator θs satisfies [θs, Ns′ ] = iδs,s′ , and the relation
ηsηs′ + ηs′ηs = 2δs,s′ allows the correct anticommutation relations among the fields with
different spin. The boson fields Φρ(x), Φσ(x) are given by (q = nqpi/L)
Φν(x)=
∑
nq>0
e−αq/2√
gνnq
{
[cos (qx)− igν sin (qx)] d†ν,nq + h.c.
}
(8)
2.2. Electron density
In this subsection we would like to focus on the behavior of the total electron density
ρ(x) =
∑
s ρs(x). As already pointed out [23, 17, 49, 22] the density consists of a series
of contributions that can be expressed via bosonization. Here we will take into account
the most relevant ones
ρ(x) = ρLW (x) + (1− λ)ρF (x) + λρW (x). (9)
The first term represents the long wave contribution ρLW (x) =
∑
r,s ψ
†
s,r(x)ψs,r(x) with
bosonized form
ρLW (x) =
2kF
pi
+
∆Nρ
L
−
√
2
pi
∂xϕρ(x) , (10)
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where ∆Nρ = ∆Ns=+ + ∆Ns=− and
ϕρ/σ(x) =
1
2
[
Φρ/σ(−x)− Φρ/σ(x)
]
. (11)
The Friedel term ρF (x) =
∑
s
(
e−2ikF xψ†s,+(x)ψs,−(x) + h.c.
)
, induced by the finite size
of the dot, is responsible for 2kF oscillations [62]‡
ρF (x) =
∑
s
ρFs (x), (12)
ρFs (x) = −
Ns
L
cos [L(∆Ns, x)− 2ϕs(x)] , (13)
L(n, x) = 2kFx+ 2pix
L
n− 2h(x) , (14)
with
ϕs(x) =
ϕρ(x) + sϕσ(x)√
2
, (15)
h(x) =
1
2
tan−1
[
sin(2pix/L)
epiα/L − cos(2pix/L)
]
. (16)
The last term in Eq. (9) is the Wigner contribution
ρW(x)=piαe−4ikF xψ†+,+(x)ψ+,−(x)ψ
†
−,+(x)ψ−,−(x) + h.c., (17)
which may arise due to interaction effects, band curvature or other external
perturbations [24, 23]. It is responsible for the 4kF oscillations and has the form
ρW(x) = −Nρ
L
cos
[
2L(∆Nρ/2, x)− 2
√
2ϕρ(x)
]
. (18)
Note that, in contrast to the Friedel term, the Wigner one depends on the charge sector
only. The parameter λ ∈ [0, 1] ensures the right boundary values of the density operator
(ρ(0) = ρ(L) = 0), and depends both on the interaction strength and on the average
electron density. In particular, for strong interactions and/or low densities one expects
λ → 1, while for weakly interacting systems and/or high densities λ ≈ 0 as numerical
studies suggest [20].
Let us now evaluate the thermal average of the electron density. The quantum dot is
assumed in thermal equilibrium at fixed total electron’s number Nρ. The corresponding
excited zero spin modes Nσ range from −Nρ ≤ Nσ ≤ Nρ. They are weighted by the
thermal probability e−βHσ/Zσ. Charge and spin density waves are also distributed with
probability e−βHb/Zb (Zb/σ the partition functions associated to Hb/σ). The thermal
equilibrium density ρ¯(x) can then be written as
ρ¯(x) =
Nρ∑
Nσ=−Nρ
〈Nρ, Nσ|Trbe−βHbe−βHσρ(x)|Nρ, Nσ〉
ZbZσ
, (19)
‡ Other forms of the density operator conserving the total number of particles [49, 24, 22] lead to
results that only slightly differs at the dot boundaries from the one we use.
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where the trace is over the bosonic charge and spin degrees of freedom. Inserting Eq. (9)
in the above expression one obtains the following contributions
ρ¯(x) =
2kF
pi
+
∆Nρ
L
+ (1− λ)∑
s
ρ¯Fs (x) + λρ¯
W (x), (20)
with
ρ¯Fs (x) =
Nρ∑
Nσ=−Nρ
〈Nσ|(Nρ − sNσ)e−βHσ |Nσ〉
2Zσ
ρ¯s(x), (21)
ρ¯s(x) = − cos
[
L
(
∆Nρ − sNσ
2
, x
)]
e−2〈ϕ
2
s(x)〉
L
, (22)
ρ¯W (x) = − Nρ
L
cos
[
2L
(
∆Nρ
2
, x
)]
e−4〈ϕ
2
ρ(x)〉, (23)
〈ϕ2s/ρ(x)〉 = Trb
e−βHb
Zb
ϕ2s/ρ(x). (24)
Let us now recall the behavior at T = 0, already discussed [22]. At zero temperature
the allowed spin numbers in the sum of Eq. (21) are Nσ = 0 or Nσ = ±1 for even/odd
electrons. In addition, the trace in Eq. (24) can be evaluated giving
e−2〈ϕ
2
s(x)〉 =
 sinh
(
piα
L
)
√
sinh2
(
piα
L
)
+ sin2
(
pix
L
)

1+g
2
, (25)
e−4〈ϕ
2
ρ(x)〉 =
 sinh
(
piα
L
)
√
sinh2
(
piα
L
)
+ sin2
(
pix
L
)

2g
. (26)
The Friedel oscillations of the density are then characterized by the wavelength λFe =
2L/Nρ for even Nρ (with Nρ/2 maxima), and by the superposition of the wavelengths
λFo = 2L/(Nρ ± 1) for odd Nρ (with (Nρ ± 1)/2 maxima). On the other hand the
wavelength of Wigner oscillations is always λW = L/Nρ with Nρ maxima. Fig. 1
shows the typical competition between Friedel and Wigner oscillations induced by the
interactions: for stronger interactions (low g) Wigner oscillations are enhanced, see
panel (a), while at weaker interactions, see panel (b), Friedel oscillations dominate. This
behavior is due to the different power laws given in Eqs. (25) and (26) as a function of
the interaction parameter g. As g → 0 (strong interactions) the Wigner weight in Eq.
(26) saturates to one, while the Friedel part in Eq. (25) decreases. We want to stress
here that we are still in a strong interactions regime, characterized by vσ  vρ where
the Wigner contribution is always present.
It is now natural to consider the stability of the above result against temperature.
Indeed, as will be shown below, a tendency towards the emergence of the Wigner
contribution over the Friedel one occurs. At finite temperature the averages in Eq. (24)
are given by the sums
〈ϕ2ρ(x)〉 = g
∑
n>0
e−
piαn
L
n
sin2
(
pinx
L
)
[2nB(nρ, T ) + 1] , (27)
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Figure 1. (Color online) Adimensionalized electron density as a function of the
position x/L with N
(0)
ρ = 20, T = 0 and for (a) g = 0.5; (b) g = 0.8. In all panels
vρ = 40vσ and λ = 0.7.
〈ϕ2s(x)〉 =
∑
ν=ρ,σ
gν
∑
n>0
e−
piαn
L
2n
sin2
(
pinx
L
)
[2nB(nν , T ) + 1] , (28)
with nB(, T ) = [e
/kBT − 1]−1. They will be evaluated numerically. Fig. 2 shows
the behavior of the electron density for different temperatures. Increasing temperature
a much clearer signature of Wigner oscillations develops: at higher temperatures the
Friedel oscillations tend to be washed out leaving the Wigner ones almost unperturbed,
which thus acquire a better visibility in comparison to the T = 0 case discussed in
Fig. 1. This phenomenon is clearly present both at higher and smaller g. To explain
this phenomenon let us remember that at finite temperature (kBT ≥ Eσ), the Friedel
part of the density (Eq. (21)) contains several contributions given by all the possible
excitations of the spin zero modes Nσ. These terms oscillate with different wavelengths
which, for given values Nρ and Nσ, are λ
F
±(Nρ, Nσ) = 2L/(Nρ±Nσ). Their superposition
causes a partial cancellation of the Friedel contribution, with a global reduction of its
amplitude. Note that this behavior is absent at zero temperature since only the ground
spin number values Nσ = 0,±1 are present in that case.
On the other hand, Wigner oscillations are not sensitive to the spin imbalance Nσ,
and hence are not decreased in amplitude. Note that the tendency to the suppression
of Friedel oscillations is in accordance with the predictions of the extreme case of spin
incoherent Luttinger liquid, [59] where the spin degree of freedom does not affect the
electron density and only Wigner oscillations are present.
2.3. Couplings
We would now like to consider a possible way to detect the temperature-enhancement
effects of Wigner correlations via transport. In particular we would like to analyze
how universal is this trend considering transport properties with external probes not
necessarily proportional to the electron density. Investigations at low temperatures
(kBT  Eσ) with an AFM tip were already performed. There, it was demonstrated
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Figure 2. (Color online) Adimensionalized electron density as a function of x/L for
N
(0)
ρ = 20 and (a) g = 0.8, kBT = Eσ; (b) g = 0.8, kBT = 2Eσ; (c) g = 0.5, kBT = Eσ;
(d) g = 0.5, kBT = 2Eσ. In all panels vρ = 40vσ and λ = 0.7.
a direct map between the linear conductance trace and the shape of the electron
density [22, 32, 37]. Here, we would like to consider an STM tip which is not
proportional to the density and will give complementary and additional information
on this phenomenon [63, 48].
As sketched in Fig. 3 the STM tip is coupled to the quantum dot and is free to move
along the x-axis. In addition, standard tunneling couplings with left and right leads at
positions x1 = 0 and x2 = L are considered. The tip is at potential −V/2, while the
lateral contacts are both at potential V/2. The gate, capacitively coupled to the dot, is
at potential Vg. Voltage drops are assumed to occur symmetrically on the dot.
Figure 3. (Color online) Schematic setup of the 1D quantum dot (red), connected
to the STM tip at position y and voltage −V/2 and to the lateral contacts at voltage
V/2. The gate is at voltage Vg.
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The non-interacting leads (H leads) are connected to the quantum dot via standard tunnel
barriers
H leadst = t0
∑
j=1,2
∑
s
ψs,+(xj)χ
†
s,j(xj)+h.c. , (29)
with t0 the tunneling amplitude and χs,j(x) the electron lead operators with spin s and
j = 1 or j = 2 for right or left contacts.
The STM tip is modeled as a semi-infinite Fermi contact, with Hamiltonian H tip, placed
above the dot at a position y. The tunnel coupling H tipt is expressed in terms of the
tip Fermi field operator ψs,F (z) (z is the coordinate along the tip with z = 0 at the
vertex), [64] with tunneling barrier transparency τ
H tipt = τ
∑
s
ψs,F (0
+)
[
h
(0)
t,s + L c h
(1)
t,s
]
+h.c., (30)
h
(0)
t,s = e
−ikF xψ†s,+(x) + e
ikF xψ†s,−(x) ,
h
(1)
t,s =
∑
r=±
e−3rikF yψ†s,r(y)ψ
†
−s,r(y)ψ−s,−r(y) .
The above Hamiltonian consists of two different terms: the standard one (h
(0)
t,s ), which
represents injection into the dot of an electron of spin s and both chiralities and an
additional term (h
(1)
t,s ) which describes the tunneling of an electron of spin s and chirality
r together with an electron-hole pair backscattering with opposite spin. Note that
this process is the first term of a series involving higher order many body tunneling
events [65, 23] and is expected to be nonzero only in the presence of electron interactions.
The dimensionless factor c measures the weight of this term, with c = 0 in the absence
of interactions. In the following, we will consider it as a free parameter.
3. Transport
In the rest of the paper we will focus on the sequential transport regime, treating the
tunnel barriers (leads and tip) at lowest order. The bosonic charge and spin density wave
excitations are assumed to be relaxed at thermal equilibrium due to possible couplings
with external perturbations [56]. The only degrees of freedom out of equilibrium are then
the zero charge and spin modes. They must be explicitly retained in the stationary rate
equation for the dot occupation probability PS of a generic dot state |S〉 ≡ |Nρ, Nσ〉:∑
S′ 6=S [PS′ΓS′→S − PSΓS→S′ ] = 0. Here, ΓS→S′ are the tunneling rates between the
states |S〉 and |S ′〉. They consist of two contributions coming from the two tunneling
Hamiltonians
ΓS→S′ = ΓleadsS→S′ + Γ
tip
S→S′(y) . (31)
The explicit expression of these terms can be derived via the time evolution of the
density operator. In the interaction picture with respect to H(0) = Hd + H
leads + H tip
one has [66, 67]
ρ(t) = Te−i
∫ t
0
dt′V(t′)ρ(0)T˜ ei
∫ t
0
dt′V(t′) , (32)
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with V(τ) = eiH(0)τ (H tipt + H leadst )e−iH(0)τ and T (T˜ ) the time (anti-time) ordering. As
discussed above, the initial density operator is chosen as
ρ(0) =
e−β(H
leads+Htip)
ZleadsZtip
e−βHb
Zb
|S〉〈S| , (33)
with leads, tip, spin and charge density wave excitations in their own thermal equilibrium
with the partition functions Zr = Tr
{
e−βHr
}
(r ∈ {b, leads, tip}).
Following a standard expansion procedure [37] at lowest order of V(t) in Eq. (32), one
gets (η = leads, tip)
ΓηS→S′ = limt→∞
∫ t
0
dt′[F η(t′, t) + F η(t, t′)] , (34)
with
F η(t1, t2) = Tr〈S ′|Hηt (t1)ρ(0)Hηt (t2)|S ′〉. (35)
The explicit calculation of Eq. (34) can be carried out using the bosonization
formalism [37]. In Appendix Appendix A the evaluation of ΓtipS→S′ is presented. In
the following, we will solve the master equation in the linear regime for kBT  Eρ.
This ensures that the sequential transport involves two charge states only, say Nρ = N1
and Nρ = N2 = N1 + 1. The possible states |S〉 that enter the master equation are then
characterized by all possible spin imbalance numbers
|S〉 = |Nρ, Nσ〉 = |Nl, Nl − 2j〉 ≡ |S(l, j)〉 (36)
with l = 1, 2, and 0 ≤ j ≤ Nl. In addition, in order to emphasize the effects of the
tunneling from the tip, we will consider the barrier tip much higher than the one of the
leads (τ  t0). In this case the solution for the linear conductance G near resonance
simplifies to [68]
G =
e2
kBT
∑
j,j′
P j0 Γ
tip
S(1,j)→S(2,j′)(y) , (37)
with the equilibrium probabilities
P j0 = e
−βE1,j/
∑
j,l
e−βEl,j , (38)
El,j = 〈S(l, j)|Hρ +Hσ|S(l, j)〉. (39)
Note that since we examine the sequential tunneling regime, the selection rule |2j+ 1−
2j′| = 1 holds. In order to obtain the result in Eq. (37) detailed balance has been used,
linking the rates ΓtipS(2,j′)→S(1,j)(y) with Γ
tip
S(1,j)→S(2,j′)(y).
3.1. Results
We begin the discussion considering low temperatures kBT  Eσ. In this regime only
transitions between ground states characterized by N1 and N2 = N1 + 1 electrons are
relevant. Plugging the low temperature limit for the tip tunneling rate - Eq. (A.9) - into
Eq. (37), one finds an expression for the on resonance linear conductance G. One has
G = G0d0(y)
1−g2
8g
{
r1(y) + c[r2(y) + r3(y)] + c
2r4(y)
}
, (40)
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with
G0 =
e2|τ |2νtip
4
√
2αkBT cosh
2
(
ln 2
4
)(1− e−αpi/L) 1+g2 ,
d0(y) =
 sinh
(
piα
L
)
√
sinh2
(
piα
L
)
+ sin2
(
piy
L
)

−2
,
r1(y) = 1− cos
[
2piy
L
(
N2
2
+
1
4
± 1
4
)]
,
r2(y) = − d0(y)
− g
2
piα
cos
[
2piy
L
N2 − 2h(y)
]
,
r3(y) =
d0(y)
− g
2
piα
cos
[
2piy
L
(
N2
2
− 1
4
∓ 1
4
)
− 2h(y)
]
,
r4(y) =
d0(y)
−g
4pi2α2
{
1− cos
[
2piy
L
(
3N2
2
− 1
4
∓ 1
4
)
− 4h(y)
]}
.
In the above expressions the sign ± stands for even/odd N1, νtip is the density of
states per unit volume in the tip, and h(x) is defined in Eq. (16). In this expression
contributions with different wavelengths are present. For even/odd N1, the oscillations
associated to the contributions ri(y) (i = 1, .., 4) are characterized by the wavelengths
λ(r1) = L/ (N2/2 + 1/4± /1/4), λ(r2) = L/ (N2), λ(r3) = L/ (N2/2− 1/4∓ 1/4), and
λ(r4) = L/ (3N2/2− 1/4∓ 1/4).
Note that the Friedel oscillations are given by the r1(y) term, while r2(y) represents the
Wigner oscillations. In addition, other contributions are present: indeed the relation
in Eq. (40) clearly shows that the linear conductance is not simply proportional to the
local electron density, and represents an alternative playground for the characterization
of Wigner correlations at finite temperature.
Figure 4 shows the low temperature conductance as a function of the tip position at
low particle numbers. Even in the presence of relatively strong interactions g = 0.5, the
resonances between (N1 = 2; N2 = 3) panel (a) and (N1 = 3; N2 = 4) panel (b) do not
show clear evidences of Wigner oscillations. The latter should indeed have three and
four maxima respectively. Note that this behavior with weight c = 0.3 between Friedel
and Wigner contributions is in good agreement with the numerical results obtained by
Secchi and Rontani [48] at low particle numbers.
The behavior at higher electron numbers can be also checked within our approach. As
shown in Fig. 5(b), in the presence of the same interaction strength as in Fig. 4, Wigner
oscillations are also absent (they should have 21 maxima), and the conductance shows a
characteristic Friedel oscillation. For comparison in panel (a) we show the pure Friedel
contribution obtained considering the c = 0 value in the conductance expression.
The Luttinger liquid theory allows to explain this behavior: the power law governing
the dependence of the low temperature conductance with respect to interactions does
not favor the Wigner oscillations, even in the g → 0 limit, where all oscillations scale
as 1/(8g) (see Eq. (40)). Note that the result is not in contradiction to what previously
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Figure 4. (Color online) Linear conductance, normalized to G0, at low temperatures
(Eq. (40)) as a function of y/L with c = 0.3 and g = 0.5 for (a) N1 = 2, N2 = 3, and
(b) N1 = 3, N2 = 4.
Figure 5. (Color online) Linear conductance as in Fig. 4 but for N1 = 20 and N2 = 21
electrons and (a) c = 0; (b) c = 0.3.
found for the electron density, where Wigner oscillations are enhanced increasing inter-
actions since the STM tip is not directly coupled to the density.
Let us now investigate the behavior at larger temperatures. In this regime, the
relation in Eq. (37) has to be employed. It consists of several contributing rates cor-
responding to different spin excited values. They will start to play for temperatures
above the spin addition energy Eσ. In particular, we expect that they will affect the
Friedel term, which indeed depends on the total number of excited electrons per spin,
producing higher harmonics with different amplitudes with respect to the one identified
at T = 0. We will see that the superposition of these oscillations will produce partial
cancellations, masking the visibility of the subperiods and also decreasing the overall
principal Friedel oscillations.
In order to show this fact we start by considering the Friedel contribution alone with
c = 0, where only long wave and Friedel oscillations are retained in the conductance. The
corresponding conductance is shown in Fig. 6. Raising the temperature the amplitude
of the main oscillations decreases, without the appearance of new peaks. Apparently
the weights associated to the higher harmonics are not strong enough to allow them
to appear as new maxima. However, due to interference they tend to suppress the
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amplitude of the primary oscillating mode.
This behavior is analogous to the one characterizing the electron density. In addition,
the nodes of the conductance are now located at the extremal points of the quantum dot,
inner nodes present at zero temperature disappear due to the long wave contribution to
the tunneling rates activated at finite temperature.
The temperature behavior will be completely different concerning Wigner oscillations.
Figure 6. (Color online) Linear conductance, normalized to G0, for N1 = 20 and
N2 = 21 electrons as a function of y/L and g = 0.5 for the Friedel contribution only
(c = 0). (a) kBT = Eσ; (b) kBT = 2Eσ; (c) kBT = 3Eσ; (d) kBT = 4Eσ.
Indeed, since the Wigner term depends on the total number of electrons only, it will be
mainly unaffected by the different spin excited numbers. In other words, no additional
higher harmonics will be present for the Wigner part. The number of maxima will
always be given by N2 (the number of electrons in the final state). They will not be
suppressed by cancellations even increasing temperatures.
Figure 7 shows the overall behavior of the conductance. Raising temperature the Friedel
oscillations decrease and Wigner peaks start to emerge. Already for kBT ∼ 4Eσ Wigner
type oscillations become clearly visible at the expenses of the Friedel term. Note that
this trend is more pronounced in the central part of the dot.
We would like now to conclude this part with some comment. All the results are
obtained within the coherent Luttinger liquid picture. This means that the condition
kBT < Dσ = NρEσ must always be fulfilled. Indeed, this constraint can be satisfied in
our calculations, adjusting the number Nρ of electrons in the dot. For low numbers and
high temperatures other techniques should be employed.
A second comment is about the energy scales of excitations. The cancellation effects in
the Friedel channel, induced by temperature, are driven by the spin addition energy Eσ.
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Figure 7. (Color online) Linear conductance, normalized to G0, for N1 = 20 and
N2 = 21 electrons as a function of y/L for: (a) T = kBEσ; (b) kBT = 2Eσ; (c)
kBT = 3Eσ; (d) kBT = 4Eσ. Other parameters c = 0.3, g = 0.5.
Wigner oscillations, on the other hands, are insensitive to this scale and stable, since they
are connected to the charge addition energy Eρ only. Consequently, at strong enough
interactions where Eσ  Eρ we expect a finite temperature range Eσ < kBT  Eρ
where Wigner correlations are dominant and more easily detectable. Only at even higher
temperatures kBT > Eρ, where the quantum dot contains different particle numbers (not
considered here) Wigner oscillation will be also depressed.
Finally it is worth noticing that the role of the spin density waves, that are automatically
included in the tunneling rates at finite temperature, see Eq. (A.9), is to strengthen the
suppression of the Friedel oscillations.
Finally, a brief comment on the non-linear transport regime for eV > kBT . Indeed,
even at low temperature kBT  Eσ but large enough voltage eV > Eσ we expect a
similar suppression of the Friedel signal in comparison to the Wigner one, due to the
stochastic population of transport channels involving different spin zero modes. This
issue is being analyzed at the moment.
4. Conclusions
We have studied the temperature-induced emergence of Wigner correlations over finite-
size effects in a strongly interacting 1D quantum dot, within the coherent Luttinger
liquid picture. We demonstrated that, for temperatures comparable with the zero
mode spin excitations, Friedel oscillations are suppressed by the cancellations due to
superposition of oscillations with several different subperiods: Wigner oscillations are
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consequently enhanced and stable.
This effect is shown to be general and occurs both in the electron density and in the
linear conductance in the presence of an STM tip. The evidence brought by this latter
probe is of particular significance since it is not directly affected by the electron density,
thus bringing complementary, independent information with respect to the latter.
For an experimental observation of the above predictions, a clean electron systems is
very important since disorder may pin the Wigner molecule distorting its shape, as
well as directly influence the transport properties of the channel. In this sense. possible
candidates could be semiconducting systems [70] which however are rather difficult to be
investigated with STM probes due to a low density of states. Carbon nanotubes are other
notable systems which should exhibit the effects discussed above, being characterized
by high mobilities and being well suited to the investigation by means of an STM [71]
The extension of the above theory to the case of a carbon nanotube will be the subject
of future work.
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Appendix A. Tunneling rates
The tunneling rates needed for the evaluation of the sequential linear conductance in
Eq. (37) are ΓtipS→S′ , with states |S〉 = |Nρ, Nσ〉 and |S ′〉 = |Nρ+1, N ′σ〉, and |Nσ−N ′σ| = 1.
Substituting Eq. (30) in Eq. (35) for the tip part leads to
F tip(t1, t2, y) = |τ |2e−Wtip(t2−t1)F(t1, t2, y),
F(t1, t2, y) =
6∑
i=1
Tr〈S ′|F tip,i(t1, t2, y)|S ′〉, (A.1)
where the explicit dependence on the tip position y has been reintroduced. The kernel
Wtip(τ), due to the thermal average on the tip degrees of freedom, is [56, 37, 69]
e−Wtip(τ) = νtip
∫ ∞
−∞
dE eiEτf(E) , (A.2)
with νtip density of states of the tip and f(E) = 1/(1 + e
βE) the Fermi function. The
trace in Eq. (A.1) is now only over spin and charge density wave modes. The different
terms in F tip(t1, t2, y) are
F tip,1(t1, t2, y) =
∑
r,s
ψ†s,r(y, t1)ρ(0)ψs,r(y, t2),
F tip,2(t1, t2, y) =
∑
r,s
e2irkF yψ†s,−r(y, t1)ρ(0)ψs,r(y, t2),
F tip,3(t1, t2, y) = c
∑
r,s
eirkF y
[
h
(1)
t,s,−r(t1)ρ(0)ψs,r(y, t2) + ψ
†
s,−r(y, t1)ρ(0)h
(1)†
t,s,r(t2)
]
,
F tip,4(t1, t2, y) = c
∑
r,s
eirkF y
[
h
(1)
t,s,r(t1)ρ(0)ψs,r(y, t2) + ψ
†
s,−r(y, t1)ρ(0)h
(1)†
t,s,−r(t2)
]
,
F tip,5(t1, t2, y) = c2
∑
r,s
h
(1)
t,s,r(t1)ρ(0)h
(1)†
t,s,r(t2),
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F tip,6(t1, t2, y) = c2
∑
r,s
h
(1)
t,s,r(t1)ρ(0)h
(1)†
t,s,−r(t2).
In order to evaluate the trace over spin and charge modes, the bosonized form of
the fermion operators ψs,+(x), given in Eq. (7) is used, together with the relation
ψs,r(x) = −ψs,−r(−x). Here, we quote the result for the first of these terms, the
contributions arising from the others are similar and will not be reported
Tr〈S ′|F tip,1(t1, t2, y)|S ′〉 = e
−i∆Etip∆t
2piα
d(y)e
−
[
α+g W (ρ,∆t)+
∑
p=±
α−g
2
W
(
ρ,∆t+
py
gvρ
)
+ 1
2
W (σ ,∆t)
]
+ h.c.
where α±g = (1/4g) ± (g/4). Here, the kernels W (, τ) arise from the thermal average
over the spin and charge waves of the dot and read as [56]
W (ε, τ) =
∑
n>0
e−piαn/L
n
{
coth
(
βnε
2
)
[1− cos(nετ)] + i sin(nετ)
}
. (A.3)
In addition, we have defined
∆t = t2 − t1
∆Etip = − eV
2
+ ∆E0,
∆E0 = E0(Nρ + 1, N
′
σ)− E0(Nρ, Nσ),
E0(Nρ, Nσ) =
Eρ
2
(Nρ −N (0)ρ −Ng)2 +
Eσ
2
N2σ ;
with
d(y) =
∣∣∣eW (ρ,gy/vρ)∣∣∣2 . (A.4)
Note that in the low temperature limit d(y)→ d0(y), as given in Eq. (40), with
d0(y) =
 sinh
(
piα
L
)
√
sinh2
(
piα
L
)
+ sin2
(
pix
L
)

−2
. (A.5)
The integral in Eq. (34) can now be performed, since W (, τ) is periodic, and can be
expressed in the Fourier series (κ > 0)
e±κW (,τ) =
∞∑
l=−∞
wκ±,le
−ilτ . (A.6)
For kBT  εσ one can approximate wκ±,l with their expressions calculated for T = 0 [56]
wκ+,l=
(
−e− lpiαL
)l(
1− e−αpiL
)−κ Γ(1 + κ)θ(l)
l!Γ(1 + κ− l) (A.7)
wκ−,l=
(
e−
lpiα
L
)l(
1− e−αpiL
)κΓ(l + κ)
l!Γ(κ)
θ(l), (A.8)
where Γ(x) is the Euler gamma function. At higher temperature the weights have been
evaluated numerically.
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Using the Fourier expansions the explicit expression for the tunneling rate ΓtipS→S′ reads
as
ΓtipS→S′
Γtip0
=
∑
m
f(∆Etip + ηm)
{
d(y)
1
8g
− g
8
[
b(1)m cos
(
2piy(m2 −m3)
L
)
− b(2)m cos
(
2piy(Na + 1 + (m2 −m3 +m4))
L
)]
+
cd(y)
1
8g
− 5
8
piα
[
b(3)m cos
(
2piy(Nρ + 1 + (m1 −m2))
L
− 2h(y)
)
− b(4)m cos
(
2piy(Nb + (m1 −m2 −m4))
L
− 2h(y)
)]
+
c2d(y)
1
8g
− 9g
8
pi2α2
[
b(5)m cos
(
2piy(m2 −m3)
L
)
− b(6)m cos
(
2piy(Na + 1 + 2Nb + (m2 −m3 −m4))
L
− 4h(y)
)]}
.
Here, Γtip0 = νtip|τ |2/α and
Na/b = Nρ ± s¯Nσ; s¯ = N ′σ −Nσ, (A.9)
with m = (m1,m2,m3,m4) a four component vector of integers mi and ηm given by
ηm = ρ(m1 +m2 +m3) + σm4. (A.10)
The weights b(µ)m , with µ = 1, .., 6 are
b(1)m = w
α+
−,m1w
α−
2−,m2w
α−
2−,m3w
1
2−,m4 ,
b(2)m = w
α−
−,m1w
α+
2
+ 1
4−,m2 w
α+
2
− 1
4−,m3 w
1
2−,m4 ,
b(3)m = w
α1+1−,m1w
|α1|
−Sgn(α1),m2w
|α2|
−Sgn(α2),m3w
1
2−,m4 ,
b(4)m = w
α3+
1
2−,m1 w
|α3|
−Sgn(α3),m2w
2α1+1−,m3 w
1
2−,m4 ,
b(5)m = w
1
4g
+ 9g
4
−,m1 w
|α4|
−Sgn(α4),m2w
|α4|
−Sgn(α4),m3w
1
2−,m4
b(6)m = w
|α5|
−Sgn(α5),m1w
α6− 34−,m2 w
α6+
3
4−,m3 w
1
2−,m4 ,
with
α± =
1
4g
± g
4
,
α1 =
1
8g
+
3g
8
− 1
2
, α2 =
1
8g
− 3g
8
,
α3 =
1
8g
− 3g
8
− 1
4
, α4 =
1
8g
− 9g
8
,
α5 =
1
4g
− 9g
4
, α6 =
1
8g
+
9g
8
.
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